Convergence preserving mappings on topological groups  by Freedman, Walden
Topology and its Applications 154 (2007) 1089–1096
www.elsevier.com/locate/topol
Convergence preserving mappings on topological groups
Walden Freedman
Department of Mathematics, Humboldt State University, 1 Harpst St, Arcata, CA 95521, USA
Received 5 June 2006; received in revised form 26 October 2006; accepted 26 October 2006
Abstract
It is well known that a mapping ϕ :R → R is convergence preserving, that is, whenever an infinite series ∑an converges,
the series
∑
ϕ(an) converges, if and only if there exists m ∈ R such that ϕ(x) = mx in some neighborhood of 0. We explore
convergence preserving mappings on Hausdorff topological groups, showing in particular, that if G×G is a Fréchet group, and H
has no small subgroups, then a mapping ϕ :G → H is convergence preserving if and only if there is a neighborhood of the identity
in G on which ϕ is a sequentially continuous homomorphism.
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1. Introduction
It is well known [5,8,11] that a mapping ϕ :R → R is convergence preserving, that is, whenever an infinite se-
ries
∑
an converges, the series
∑
ϕ(an) converges, if and only if there exists m ∈ R such that ϕ(x) = mx in some
neighborhood of 0. Stated more abstractly, considering R as a topological group under addition, ϕ is convergence
preserving if and only if the restriction of ϕ to some neighborhood of 0 coincides with a continuous homomorphism
from R to R. This result extends easily to functions on normed spaces over R or C [5]. We further extend this result
to the setting of topological groups, showing in particular that for Hausdorff topological groups G and H , if G × G
is a Fréchet group, and H has no small subgroups, then an appropriate generalization of this result holds.
Throughout this article, G and H will denote Hausdorff topological groups, not necessarily Abelian, and both
written multiplicatively. We write e for the identity in either group, when the context makes it clear which group is
meant. Otherwise, we write eH for the identity element of H . If g ∈ G, then 〈g〉 denotes the cyclic subgroup of G
generated by g. As usual, if X is a topological space, and x ∈ X, and x ∈ A ⊆ X, we say A is a neighborhood of x if
there exists an open set U such that x ∈ U ⊆ A. If X is a normed space over R or C, we write UX for the open unit
ball of X, that is, UX = {x ∈ X: ‖x‖ < 1}.
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Recall that a mapping ϕ :R → R is convergence preserving if whenever an infinite series ∑an converges, the
series
∑
ϕ(an) converges. Our first task in generalizing this notion to mappings on topological groups is finding
an appropriate notion corresponding to that of convergent series in R. Since our group operation is multiplication,
we will be considering infinite products rather than sums. Rather than requiring the sequence of partial products
of a sequence (gn) to converge, we will only require that it be a Cauchy sequence. Such a sequence (gn) will be
called Cauchy multipliable. A mapping between topological groups will then be convergence preserving if it carries
Cauchy multipliable sequences to Cauchy multipliable sequences. As in the real case, any continuous homomorphism
is convergence preserving. We will explore in particular the relationship between convergence preserving mappings
and sequentially continuous homomorphisms
2.1. Definition.
(a) Let (sn) be a sequence in G. We will say (sn) is a Cauchy sequence in G if for every neighborhood U of e in
G, there exists N ∈ N such that n,m  N implies that s−1m sn ∈ U . In other words, (sn) is a Cauchy sequence
relative to the left uniform structure on G. Equivalently, for every symmetric neighborhood V of e in G, there
exists N ∈ N such that nmN implies that s−1m sn ∈ V .
(b) Let (gn) be a sequence in G, and for each n ∈ N, let pn = g1g2 · · ·gn =∏nj=1 gj . We will say the sequence (gn) is
Cauchy multipliable in G if the sequence (pn) is a Cauchy sequence in G, as defined above. Equivalently, for every
symmetric neighborhood V of e in G, there exists N ∈ N such that nmN implies that gmgm+1 · · ·gn ∈ V .
Let ϕ :G → H . We will say that ϕ is:
(c) convergence preserving (CP) if whenever a sequence (gn) is Cauchy multipliable in G, the sequence (ϕ(gn)) is
Cauchy multipliable in H ;
(d) a locally sequentially continuous homomorphism (LSCH) if ϕ is sequentially continuous at e, and there exists a
neighborhood U of e in G such that whenever x, y ∈ U , we have ϕ(xy) = ϕ(x)ϕ(y). For simplicity, in this case,
we will say ϕ is LSCH on U ;
(e) a local sequential homomorphism (LSH) if ϕ is sequentially continuous at e ∈ G and whenever (xn) and (yn) are
sequences in G such that xn → e and yn → e, there exists N ∈ N such that ϕ(xnyn) = ϕ(xn)ϕ(yn) for all nN .
Observe that any convergent sequence is a Cauchy sequence, and if (sn) is a Cauchy sequence in G, then any
subsequence of (sn) is again a Cauchy sequence in G. It follows that if (gn) is Cauchy multipliable in G, and the
sequence (an) is obtained from (gn) by grouping terms of (gn), then (an) is also Cauchy multipliable in G. It is also
easy to see that (gn) is Cauchy multipliable in G if and only if
lim
n,m→∞
mn
gngn+1 · · ·gm = e,
so in particular,
lim
n→∞gn = e.
It is easy to see that if ϕ is LSCH, then ϕ is LSH, while if ϕ is CP, then ϕ(e) = e. On the other hand, if G is a
nondiscrete group in which all convergent sequences are eventually constant, then ϕ :G → H is LSH if and only if ϕ
is CP if and only if ϕ(e) = e, but clearly, ϕ need not be LSCH in this case.
We begin with a basic result regarding CP functions.
2.2. Lemma. Let ϕ :G → H . If ϕ is CP, then ϕ is sequentially continuous at e, and ϕ(e) = e.
Proof. Suppose ϕ is CP. It is easy to see that ϕ(e) = e, while if gn → e in G, then the sequence
g1, g
−1, g2, g−1, . . .1 2
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ϕ(g1), ϕ
(
g−11
)
, ϕ(g2), ϕ
(
g−12
)
, . . .
is Cauchy multipliable in H , implying that ϕ(gn) → e in H . 
Note that if U is a neighborhood of e and ϕ :G → H is LSCH on U , then there exists a symmetric neighborhood V
of e in G such that ϕ(g−1) = ϕ(g)−1 for all g ∈ V and such that ϕ is sequentially continuous on V . For let V ⊆ U be
a symmetric neighborhood of e such that V 2 ⊆ U and let g ∈ V . Then eH = ϕ(g−1g) = ϕ(g−1)ϕ(g), implying that
ϕ(g−1) = ϕ(g)−1. If gn → g, where g ∈ V and gn ∈ V for all n, then g−1gn ∈ U for all n, and g−1gn → e, so that by
the sequential continuity of ϕ at e, we have ϕ(g−1gn) → e, and thus, ϕ(g)−1ϕ(gn) → e, implying that ϕ(gn) → ϕ(g).
Thus, ϕ is sequentially continuous on V , as claimed.
Let X be a topological space, let A ⊆ X, and let a ∈ A. Recall from [9] that A is said to be a sequential neigh-
borhood of a if every sequence in X that converges to a is eventually inside A, that is, if (xn) is any sequence in
X such that xn → a, then xn ∈ A for all n sufficiently large. The space X is a Fréchet space (or Fréchet–Urysohn
space in [6]) if every sequential neighborhood of any point in X is a neighborhood of that point. Equivalently, for any
subset A ⊆ X and any x ∈ A¯, there exists a sequence in A that converges to x. (Note that this definition of Fréchet
space has no relation to the other usual meaning of Fréchet space, namely as a complete metrizable locally convex
vector space; also, Fréchet spaces are sometimes called closure-sequential or N-sequential by other authors.) A subset
A ⊆ X is sequentially open if it is a sequential neighborhood of each of its points. The space X is sequential if every
sequentially open subset of X is open. Clearly, every Fréchet space is sequential, but not conversely [9, Example 3].
Observe that a topological group G is a Fréchet group iff every sequential neighborhood of e is a neighborhood
of e. This terminology gives us an alternative way to describe mappings that are LSH or LSCH, given below.
In the remainder of the paper, given a mapping ϕ :G → H , let τ :G × G → H and ψ :G × G → H be defined as
follows. For any x, y ∈ G,
τ(x, y) = ϕ(xy)ϕ(y)−1ϕ(x)−1, and
ψ(x, y) = ϕ(xy)ϕ(y−1)ϕ(x−1).
2.3. Theorem. Let ϕ :G → H be sequentially continuous at e, and let τ , and ψ be the mappings defined above. The
following are equivalent:
(a) ϕ is LSH;
(b) τ−1{e} is a sequential neighborhood of (e, e) in G ×G;
(c) ψ−1{e} is a sequential neighborhood of (e, e) in G × G,
and the following are also equivalent:
(i) ϕ is LSCH;
(ii) τ−1{e} is a neighborhood of (e, e) in G × G;
(iii) ψ−1{e} is a neighborhood of (e, e) in G× G.
Proof. Assume ϕ is LSH, and let xn → e and yn → e in G. Then (xn, yn) → (e, e) in G × G, and since ϕ is LSH,
there exists M ∈ N such that nM implies that τ(xn, yn) = e. Thus, (a) implies (b). Assume (b) holds, and observe
that this implies (e, e) ∈ τ−1(e), which implies that ϕ(e) = e. Let xn → e in G. Then (xn, x−1n ) → (e, e), so there
exists M ∈ N such that n M implies that ϕ(x−1n ) = ϕ(xn)−1 for all n M . Now, suppose xn → e and yn → e in
G. Then (xn, yn) → (e, e) in G × G, so by (b) and the preceding observation, there exists M ∈ N such that n M
implies that
τ(xn, yn) = ϕ(xnyn)ϕ(xn)−1ϕ(yn)−1 = e = ϕ(xnyn)ϕ
(
x−1n
)
ϕ
(
y−1n
)= ψ(xn, yn).
This shows that (b) implies (c). Now, assume (c) holds. A similar argument to the above shows that if xn → e in G,
then ϕ(x−1n ) = ϕ(xn)−1 for all n sufficiently large. The above argument then shows that (c) implies (b). Now, suppose
(b) holds. As noted above, this implies that ϕ(e) = e. If xn → e and yn → e in G, then ϕ(xnyn)ϕ(xn)−1ϕ(yn)−1 = e
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along the same lines, and is left to the reader. 
Note it follows from the proof that if we define ρ :G → H by ρ(x) = ϕ(x)ϕ(x−1), then ϕ is LSH implies ρ−1{e}
is a sequential neighborhood of e in G, though not conversely. Thus, if G is a Fréchet group and ϕ is LSH, then
ϕ(x−1) = ϕ(x)−1 holds in a neighborhood of e in G.
The following properties of topological groups seem to have not been defined before.
2.4. Definition. A group G has
(a) property (S) if for every sequential neighborhood A of e in G, there exists a sequential neighborhood W of e in
G such that W 2 ⊆ A;
(b) property (R) if for every sequential neighborhood B of (e, e) in G×G, there exists a sequential neighborhood A
of e in G such that A ×A ⊆ B .
The following result is stated and proved in [10] in the case of a linear topological space, however the proof carries
over easily to our general setting of topological groups.
2.5. Theorem. [10, Chapter 3, Theorem 2.4, p. 54] G is a Fréchet group if and only if G is sequential and has
property (S).
Property (R) and property (S) are connected in the following way.
2.6. Lemma. If G has property (R), then G has property (S).
Proof. Suppose G has property (R), and let A be a sequential neighborhood of e in G. Let m :G×G → G be multi-
plication, that is, m(x,y) = xy for any (x, y) ∈ G×G. Then m−1(A) is a sequential neighborhood of (e, e) ∈ G×G,
so there exists a sequential neighborhood W of e in G such that W × W ⊆ m−1(A). Thus, W 2 = m(W × W) ⊆ A,
implying that G has property (S). 
It follows that every sequential non-Fréchet group fails to have property (S), and therefore also fails to have prop-
erty (R).
We know that if ϕ is LSCH, then ϕ is LSH, and that the converse is false in general. It follows from Theorem 2.3
that if G× G is a Fréchet group, then the converse does hold. This fact is part of the following corollary.
2.7. Corollary. Among the conditions given below, the following implications hold:
(a) ⇒ (b) ⇒ (c),
and if in addition, G is sequential, then (c) ⇒ (d).
(a) G× G is a Fréchet group.
(b) For any group H , and any ϕ :G → H , ϕ is LSH if and only if ϕ is LSCH.
(c) For some nontrivial group H , for any ϕ :G → H , ϕ is LSH if and only if ϕ is LSCH.
(d) G is a Fréchet group.
Proof. The implication (a) ⇒ (b) follows immediately from Theorem 2.3, and the implication (b) ⇒ (c) holds triv-
ially. To show (c) ⇒ (d), assume G is sequential, and suppose that G is not a Fréchet group. It follows by Theorem 2.5
that G fails to have property (S). Let A be a sequential neighborhood of e in G that is not a neighborhood of e, and
such that for any sequential neighborhood B of e in G, we have B2  A. Let H be any nontrivial group, and let h ∈ H
such that h 
= eH . Let ϕ :G → H be defined by
ϕ(g) =
{
eH , if g ∈ A,
h, if g /∈ A.
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sequential neighborhood of A, so by hypothesis, (U ∩ A)2  A. Hence, there exist elements x, y ∈ U ∩ A such that
xy /∈ A. Therefore, we have x, y ∈ U such that ϕ(xy) = h, while ϕ(x)ϕ(y) = e2H = eH . Since h 
= eH , it follows that
ϕ is not LSCH. 
Note that if in (c), the group H is assumed to be non-Boolean, then the assumption that G is sequential can be
dropped. For in that case, let A be a sequential neighborhood of e that is not a neighborhood of e, and choose h ∈ H
such that h2 
= eH . Define ϕ as in the proof, and let x ∈ U\A. Then ϕ(x)2 = h2, while ϕ(x2) 
= h2.
2.8. Remark. It appears to be an open question whether under ZFC (that is, standard Zermelo–Frankel set theory
with the Axiom of Choice) there exists a Fréchet group G such that G × G is not a Fréchet group [6, Question 6.7].
However, under some additional set-theoretic assumptions, such as CH, or MA + ¬CH, it can be shown that such
groups exist [4, Corollary 1, p. 212], [7], and [6, Theorem 6.12], an otherwise unpublished result due to A. Shibakov.
It follows that under ZFC + MA, there exists a Fréchet group G such that G×G is not Fréchet. It is easy to see that if
G is a Fréchet group, then G has property (R) if and only if G×G is a Fréchet group. Thus, any Fréchet group G such
that G × G is not Fréchet provides an example of a group that fails to have property (R), but does have property (S).
A property lying between LSCH and LSH is the following.
2.9. Definition. Let ϕ :G → H . We will say ϕ is a locally sequentially rectangular homomorphism (LSRH) if ϕ is
sequentially continuous at e, and there exists a sequential neighborhood A of e in G such that A × A ⊆ τ−1{e}.
Clearly, for ϕ :G → H , we have ϕ is LSCH ⇒ ϕ is LSRH ⇒ ϕ is LSH, while if G is a Fréchet group, and
ϕ :G → H , then ϕ is LSCH if and only if ϕ is LSRH.
2.10. Theorem. Let ϕ :G → H . If ϕ is LSRH, then ϕ is CP.
Proof. Assume ϕ is LSRH, and suppose ϕ is not CP. Let (gn) be a Cauchy multipliable sequence in G such that
(ϕ(gn)) is not Cauchy multipliable in H . Then there exists a symmetric neighborhood W of e in H , and increasing
sequences (mj ) and (nj ) of positive integers such that m1 < n1 < m2 < n2 < m3 < n3 < · · ·, such that for all i ∈ N,
ϕ(gmi )ϕ
(
gmi+1
) · · ·ϕ(gni ) /∈ W.
Now, let A be a sequential neighborhood of e in G such that A × A ⊆ τ−1{e}, and consider the following sequence
of partial products
gm1, gm1gm1+1, gm1gm1+1gm1+2, . . . , gm1gm1+1gm1+2 · · ·gn1,
gm1+1, gm1+1gm1+2, gm1+1gm1+2gm1+3, . . . , gm1+1gm1+2gm1+3 · · ·gn1, . . . , gn1−1gn1 , gn1,
gm2, gm2gm2+1, gm2gm2+1gm2+2, . . . , gm2gm2+1gm2+2 · · ·gn2,
gm2+1, gm2+1gm2+2, gm2+1gm2+2gm2+3, . . . , gm2+1gm2+2gm2+3 · · ·gn2, . . . , gn2−1gn2 , gn2, . . . .
Since (gn) is Cauchy multipliable, this sequence of partial products converges to e in G, so without loss of generality,
we may assume that all terms of this sequence lie in A. Since A× A ⊆ τ−1{e}, we then have
ϕ(gmi gmi+1 · · ·gni ) = ϕ(gmi )ϕ(gmi+1) · · ·ϕ(gni ) /∈ W
for all i, contradicting the sequential continuity of ϕ at e. Hence, ϕ is CP, as desired. 
It follows immediately from this last result that if ϕ is LSCH, then ϕ is CP.
Observe that if a group G has property (R), then for ϕ :G → H , we have ϕ is LSH if and only if ϕ is LSRH.
Combining this fact with Theorem 2.10 yields the following corollary.
2.11. Corollary. Assume G has property (R), and let ϕ :G → H . If ϕ is LSH, then ϕ is CP.
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that has the Schur property (weak and norm sequential convergence coincide), and let G denote X as an additive
topological group under its weak topology. Then G is not sequential, and hence is not a Fréchet group since UX is
sequentially open, but is not open. On the other hand, G does have property (R), for if W is a sequential neighborhood
of (0,0) in G ×G, then for some n ∈ N, we must have 1
n
UX × 1nUX ⊆ W . Let f ∈ X∗, and define ϕ :G → R by
ϕ(x) =
{
f (x), if x ∈ UX,
1, if ‖x‖ 1.
Then ϕ is LSH, and since G has property (R), ϕ is LSRH, and hence is CP, but is clearly not LSCH.
Recall from [3] that a topological group is said to have no small subgroups if there is a neighborhood of the identity
of the group containing no nontrivial subgroups. This property turns out to be of some importance, as it relates to the
solution of Hilbert’s fifth problem. In particular, it was shown by Gleason, Montgomery, and Zippin that a locally
compact group has no small subgroups iff it is a Lie group [1–3]. As an example of a group with small subgroups, let
X be any nontrivial Hausdorff group; for each k ∈ N, let Hk = X, and let H =∏∞k=1 Hk , with the product topology.
For another example, if X is an infinite-dimensional normed space, then as an additive topological group under its
weak topology, X has small subgroups.
2.13. Example (A mapping that is CP, but not LSH). Let G = R, and for each k ∈ N, let Hk = Z2, and let H =∏∞
k=1 Hk , with the product topology. As noted above, H has small subgroups. For each n ∈ N, let en denote the
sequence (0,0, . . . ,0,1,0, . . .) ∈ H , with a 1 in the nth component, and zeros in all others, and let
Jn =
{
x ∈ R | 2−n < |x| 21−n},
with J0 = {x ∈ R | 1 < |x|}. Define ϕ :G → H by
ϕ(x) =
{
0, if x = 0 or x ∈ J0,
en, if x ∈ Jn, for n 1.
It is easy to see that ϕ is CP, but not LSH: consider the sequences xn = 2−n = yn.
We now show, by modifying the proof in [8], that if we restrict H to have no small subgroups, then every CP
mapping is LSH.
2.14. Theorem. Assume H has no small subgroups, and let ϕ :G → H . If ϕ is CP, then ϕ is LSH.
Proof. Assume H has no small subgroups, and suppose ϕ :G → H is CP. We know from Lemma 2.2 that ϕ is
sequentially continuous at e ∈ G, and ϕ(e) = e. By Theorem 2.3, it suffices to show that ψ−1{e} is a sequential
neighborhood of (e, e) ∈ G × G. Assume by way of contradiction that there exist sequences (xn) and (yn) in G such
that xn → e and yn → e in G, but such that (xn, yn) /∈ ψ−1{e} for all n ∈ N. Since H has no small subgroups, let W
be a symmetric neighborhood of e in H that contains no nontrivial subgroups. For each n, let kn be a positive integer
such that ψ(xn, yn)kn /∈ W . Clearly, the sequence
x1y1, y
−1
1 , x
−1
1 , x1y1, y
−1
1 , x
−1
1 , . . . , x1y1, y
−1
1 , x
−1
1 ,
x2y2, y
−1
2 , x
−1
2 , x2y2, y
−1
2 , x
−1
2 , . . . , x2y2, y
−1
2 , x
−1
2 , . . .
where for each n ∈ N, the terms xnyn, y−1n , x−1n are repeated kn times, is Cauchy multipliable since its partial products
converge to e. Since ϕ is CP, it follows that the sequence
ϕ(x1y1), ϕ
(
y−11
)
, ϕ
(
x−11
)
, ϕ(x1y1), ϕ
(
y−11
)
, ϕ
(
x−11
)
, . . . , ϕ(x1y1), ϕ
(
y−11
)
, ϕ
(
x−11
)
,
ϕ(x2y2), ϕ
(
y−12
)
, ϕ
(
x−12
)
, ϕ(x2y2), ϕ
(
y−12
)
, ϕ
(
x−12
)
, . . . , ϕ(x2y2), ϕ
(
y−12
)
, ϕ
(
x−12
)
, . . .
is Cauchy multipliable in H . Grouping terms, it follows that the sequence
ψ(x1, y1)
k1 ,ψ(x2, y2)
k2 ,ψ(x3, y3)
k3 , . . .
W. Freedman / Topology and its Applications 154 (2007) 1089–1096 1095is Cauchy multipliable in H , and hence, that ψ(xn, yn)kn → e in H . This contradicts the fact that ψ(xn, yn)kn /∈ W
for all n ∈ N. Thus, ϕ is CP implies that ϕ is LSH, as desired. 
Thus, if H has no small subgroups and ϕ :G → H , then ϕ is LSCH ⇒ ϕ is LSRH ⇒ ϕ is CP ⇒ ϕ is LSH.
Combining the previous theorem with Corollary 2.11 yields the following corollary.
2.15. Corollary. Assume G has property (R), and H has no small subgroups. Let ϕ :G → H . Then ϕ is CP if and
only if ϕ is LSH if and only if ϕ is LSRH.
As demonstrated in [8] for the case G = H = R, one can use the proof of Theorem 2.14 to produce certain
pathological sequences in groups, for example, a sequence (Aj ) of invertible 2 × 2 matrices over R such that the
sequence (A1A2 · · ·An)∞n=1 of partial products converges, but such that the sequence (A−11 A−12 · · ·A−1n )∞n=1 of partial
products is divergent, or similarly such that the sequence (A21A
2
2 · · ·A2n)∞n=1 of partial products is divergent. It follows
more generally that if G is a non-Abelian Lie group, then there exists a sequence (gn) in G that is Cauchy multipliable,
but such that (g−1n ) is not Cauchy multipliable, and similarly, such that (g2n) is not Cauchy multipliable.
2.16. Corollary. Assume H is Abelian and metrizable. The following are equivalent.
(a) H has no small subgroups.
(b) If G is any group, and ϕ :G → H , then ϕ is CP implies ϕ is LSH.
(c) If ϕ :R → H , then ϕ is CP implies ϕ is LSH.
Proof. By the previous theorem, we have (a) ⇒ (b), and (b) ⇒ (c) holds trivially, so we need only show (c) ⇒ (a).
Suppose that H is metrizable, and has small subgroups. Let d be a left-invariant metric on H inducing the topology
of H . Set
W1 =
{
h ∈ H | d(h, e) < 1},
and let h1 ∈ W1\{e} such that 〈h1〉 ⊆ W1. Let
W2 =
{
h ∈ H | d(h, e) < min{2−1, d(h1, e)}},
and let h2 ∈ W2\{e} such that 〈h2〉 ⊆ W2. Inductively, we have a sequence (hn) in H\{e} and neighborhoods Wn of e
in H such that for each n, we have 〈hn〉 ⊆ Wn, such that for every k ∈ N, and every n ∈ N, we have d(hkn, e) < 21−n.
Let Jn be as in Example 2.13, and define ϕ :R → H by
ϕ(x) =
{
e, if x = 0 or x ∈ J0,
hn, if x ∈ Jn, for n 1.
As in Example 2.13, ϕ is not LSH for if xn = 2−n = yn, then xn, yn → 0, and for any n, we have ϕ(xn)ϕ(yn) =
(ϕ(2−n))2 = h2n+1 ∈ Wn+1, while ϕ(xn + yn) = ϕ(21−n) = hn /∈ Wn+1. On the other hand, ϕ is CP, for suppose
∑
xn
converges in R. Let U be any neighborhood of e in H , and choose ε > 0 such that {h ∈ H | d(h, e) < ε} ⊆ U . Choose
N ∈ N such that for all n  m  N we have ∑nj=m 21−j < ε, and let K ∈ N such that i  K implies |xi |  21−N .
Then for any i K and p  0, we have
d
(
ϕ(xi)ϕ(xi+1) · · ·ϕ(xi+p), e
)= d(hi0hi1 · · ·hip , e) for some i0, i1, . . . ip N
= d(hkNN hkN+1N+1 · · ·hkN+rN+r , e) for some r  0 and kj  0

N+r∑
j=N
d(h
kj
j , e)

N+r∑
j=N
21−j
< ε,
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ϕ(xi)ϕ(xi+1) · · ·ϕ(xi+p) ∈ U,
implying that (ϕ(xn)) is Cauchy multipliable in H . Hence, ϕ is CP, but is not LSH. 
As mentioned above, if G is a nondiscrete group in which all convergent sequences are eventually constant, then
G has property (R), and for any H , if ϕ :G → H , we have ϕ is LSRH if and only if ϕ is CP if and only if ϕ is LSH
if and only if ϕ(e) = e. Thus, unless some further conditions are put on G, it is too easy for a mapping to be CP.
One such condition on G is that G × G is a Fréchet group, for by Corollary 2.7, under that condition, if ϕ :G → H ,
then ϕ is LSH if and only if ϕ is LSCH. Combining this with Corollary 2.15, we have the following corollary that
generalizes the main result of [5,8,11]. In particular it implies that if G is metrizable, and H has no small subgroups,
then ϕ :G → H is CP if and only if ϕ is LSCH.
2.17. Corollary. Assume G × G is a Fréchet group and H has no small subgroups, and let ϕ :G → H . Then ϕ is
LSCH if and only if ϕ is LSRH if and only if ϕ is CP if and only if ϕ is LSH.
We end with some open questions.
Questions.
(a) If ϕ is LSH, and G fails to have property (R), must ϕ be CP?
(b) Do any of the converses of the implications in Corollary 2.7 hold?
(c) Characterize sequences (ϕn) of mappings from G to H such that for any Cauchy multipliable sequence (gn) in G
the sequence (ϕn(gn)) is Cauchy multipliable in H .
Added in proof
Professor A. Shibakov has recently shown that every LSH mapping is CP, so the answer to question (a) above is
affirmative.
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